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We assess whether a confined Wigner molecule constituted by 2N fermions behaves as N bosons
or 2N fermions. Following the work by C. K. Law [Phys. Rev. A 71, 034306 (2005)] and Chudzicki
et al. [Phys. Rev. Lett. 104, 070402 (2010)] we discuss the physical meaning and the reason why
a large amount of entanglement is needed in order to ensure a bosonic composite behavior. By
applying a composite boson ansatz, we found that a Wigner molecule confined in two dimensional
traps presents a bosonic behavior induced by symmetry. The two-particle Wigner molecule ground
state required by the composite boson ansatz was obtained within the harmonic approximation in
the strong interacting regime. Our approach allows us to address few-particle states (widely studied
within a variety of theoretical and numerical techniques) as well as a large number of particles
(difficult to address due to computational costs). For a large number of particles, we found strong
fermionic correlations exposed by the suppression of particle fluctuations. For a small number of
particles, we show that the wave function calculated within the composite boson ansatz captures
the Friedel-Wigner transition. The latter is shown in a regime in which strong correlations due to
the Pauli exclusion principle arise, therefore, we conclude that the coboson ansatz reproduces the
many particle physics of a confined Wigner molecule, even in the presence of strong deviations of
the ideal bosonic behavior due to fermionic correlations.
I. INTRODUCTION
In our Condensed Matter Physics, Solid State Physics
or Modern Physics courses, we learn to deal with com-
posite particles (such as atoms, molecules, and nuclei)
made up of an even number of fermions as ideal bosons.
This strategy is widely used in Many Particle Physics
and appears to be justified due to the success of such
approach. Just to mention a few examples, it has al-
lowed us to describe atomic Bose-Einstein condensates,
excitons, and Cooper pairs in superconductors [1–5]. In
this context, it is natural to ask under which conditions a
pair of fermions can be treated as an elementary boson.
Many authors have explored this question, in particu-
lar, C.K. Law pointed out that the key to understand
the origin of the composite behavior relies on entangle-
ment: the composite particles can be treated as bosons
as long as they are sufficiently entangled. Law s hypoth-
esis also expresses that mechanical binding forces are not
essential when applying the composite representation, in
other words, such forces would act only to enforce quan-
tum correlations [6]. Here we present new evidence in
this direction by characterizing the bosonic degree of the
finite-size analogue of Wigner crystals, namely Wigner
molecules [7]. Within the framework of the composite
bosons ansatz [6, 8, 9], we calculate the density of states,
occupations probabilities, and the particle density pro-
file of a Wigner molecule made up of an even number of
fermions. We show that a Wigner molecule confined in
two dimensional traps presents an ideal bosonic behav-
ior induced by symmetry. We support Laws hypothesis
by showing that even for large interaction strengths, the
system presents deviations from purely bosonic behav-
ior when the amount of entanglement is not sufficiently
large. We also discuss the connection exposed by Chudz-
icki et al. in Ref. [1] between the space available to
each composite particle and the condition given by Law
in Ref. [6] to guarantee the validity of the bosonic par-
ticle description, i. e. the effective number of Schmidt
modes must be much greater than the total number of
composite particles.
We focus on Wigner molecules (WMs) as a realistic
quantum system depicting strong electronic correlations,
which have been experimentally observed in a wide va-
riety of systems, such as two-dimensional semiconduc-
tor heteroestructures [10, 11], semiconductor quantum
dots [12], one-dimensional quantum wires [13–16], car-
bon nanotubes [17, 18], and in crystalline states for dusty
plasma [19]. In order to describe and understand these
molecules, several theoretical approaches have been im-
plemented [20]. The theoretical studies can be divided
into two groups: analytical methods (such as the Bethe
ansatz [21, 22], Luttinger liquids [23, 24], or solving
the Schro¨dinger equation [25–27]) and methods involv-
ing strong numerical calculations (such as density func-
tional theory [21, 22], lattice regularized diffusion quan-
tum Montecarlo methods [28], path integral Monte Carlo
methods [29], and exact diagonalization [30, 31]). The
experimental proof of the existence of Wigner molecules
relies on the observation of a sharp collapse of the energy
gap between the ground and the first excited state, which
can be detected by performing transport measurements
[20]. In Ref. [18], by using transport spectroscopy of
ar
X
iv
:2
00
4.
09
40
0v
1 
 [q
ua
nt-
ph
]  
20
 A
pr
 20
20
2ultraclean nanotube quantum dots the authors provide
an unambiguous demonstration of the presence of the
strongly interacting quantum ground state of a Wigner
molecule. The results of those experiments were analyzed
by comparing them with exact-diagonalization calcula-
tions, which allowed to identify changes in the symmetry
of the state as a fundamental signature of a strongly in-
teracting quantum Wigner molecule.
In the present work we propose a new approach to
study a WM made up of an even number of constituents:
to apply the composite boson ansatz to N pairs of con-
fined particles. The underlying idea is to include ex-
change correlations in the widely (and routinely) used
strategy of treating composite particles made of an even
number of constituents as non-interacting bosons. The
basic unit used to describe the system is a composite par-
ticle made up of two particles of two distinct and distin-
guishable species. Since the particles of the same species
are indistinguishable, the ansatz takes into account sym-
metry requirements as well as the Pauli exclusion princi-
ple when it is applied to fermionic systems. When taking
the coboson as a unit, a system made up of N of such
entities will necessarily have 2N particles. Therefore,
addressing a 2N unpolarized system in the framework
of the coboson ansatz is natural while addressing a po-
larized system or a system made up of an odd number
of particles is, at least, a non-straightforward issue (it
would demand an extension of the ansatz -which to the
best of our knowledge has never been addressed- or the
use of other techniques requiring strong numerical cal-
culations -such as density functional theory or quantum
Montecarlo methods [21, 22, 29]-). The coboson ansatz
is valid for any number of pairs of particles and leads to
a considerable improvement of the computational time of
the many-particle state and observables of interest when
comparing to the computational time required by other
techniques such as Quantum Monte Carlo methods. It
allows to address few particles states (widely studied, see
for example [21, 22, 29, 31, 32]) as well as many parti-
cle states, or even large ensembles of particles (see for
instance Ref. [33] were we study 103 fully entangled
fermionic atoms). We present our results for a small num-
ber of pairs, 102 or less, far more than the number of par-
ticles treated in previous works, [21, 22, 29, 31, 32]. We
hope this facts will enhance the value of our study, espe-
cially when taking into account that the computational
complexity involved in the study of Wigner molecules
scales exponentially with N (actually, the numerical di-
agonalization method becomes very inefficient already for
5 pairs of fermions, even in dimension one [29]). Here, by
means of the coboson ansatz we are able to deal with a
large number of pairs with low computational cost. The
latter advantage allowed us to observe the presence of
strong fermionic correlations exposed by the suppression
of particle fluctuations, as was recently reported for ul-
tracold Fermi gases [33]. Finally, we also show that the
coboson ansatz is capable to capture the Friedel-Wigner
crossover described in Refs. [21, 29].
This article is organized as follows. We review our
framework, the composite boson ansatz, in section II. In
section III we discuss the physical reason why a large
degree of entanglement between the constituents of the
composite particle ensures that the two particles can be
treated as elementary bosons and give more evidence sup-
porting Law’s hypothesis. Sections IV and V attempt to
show that the coboson ansatz can be a powerful and use-
ful approach in the study of Wigner molecules or similar
systems. Section IV is devoted to the analysis of the
bosonic degree of a WM confined in one dimension by
studying the density of states, occupations probabilities,
and the ground state particle density profile. The proof
of the ideal bosonic behavior induced by symmetry in
a system of N pairs of fermions confined in two (and
higher) dimensions is presented in section V. Finally, a
summary is given in section VI.
II. THE COBOSON ANSATZ
In order to address a Wigner molecule made up of an
even number of fermions we draw upon the composite
boson (or coboson) ansatz. This formalism was intro-
duced in 2001 to study correlated pairs of particles. A.
J. Legget developed the ansatz for bosons [8], and M.
Combescot and C. Tanguy presented it for correlated
pairs of fermionic particles [9]. The formalism was ex-
tensively applied to describe fermionic systems, such as
excitons which feature long range Coulomb interactions
[34], ultracold interacting Fermi gases [33, 35, 36], and
Cooper pairs [37]. When applied to the Bose-Einstein
Condensate regime of ultracold interacting Fermi gases
this formalism gives an universal dimer-dimer scattering
length aCobdd = 0.64 a [38], in great agreement with the
exact solution add ≈ 0.6 a [39]. Another achievement
obtained within this framework concerns the calculation
of the molecular condensate fraction [36], which matches
the Bogoliubov results and fixed-node diffusion Monte
Carlo [40].
In what follows we summarize the key point of the
formalism as presented by C.K. Law in Ref. [6]. We con-
sider a composite particle formed by two distinguishable
particles (both bosons or fermions) of distinct species a
and b. By solving a suitable two-particle Hamiltonian we
are able to obtain the two body ground state wave func-
tion Ψ (xa, xb). We can express this wave function in its
Schmidt decomposition form,
Ψ (xa, xb) =
∞∑
j
√
λjφ
(a)
j (xa)φ
(b)
j (xb), (1)
where φ
(a)
j (φ
(b)
j ) are the natural orbitals (Schmidt
modes) and λj are their occupations (Schmidt numbers)
[41]. These orbitals give a complete and orthonormal
set for the Hilbert space of each particle and are the
eigenvectors of the one-particle reduced density matrix
3[6, 26], with the occupations as the associated eigenval-
ues. As it is well-known, the entropies usually applied
when quantifying entanglement are calculated in terms
of this occupancies [6, 26].
The coboson ansatz states that in second quantization
the N -coboson pair-correlated state |N〉 is given by suc-
cessive applications of identical coboson creation opera-
tors cˆ† acting on the vacuum |0〉 [42],
|N〉 = 1√
N !χN
(
cˆ†
)N |0〉. (2)
The operator c† creates two particles in the entangled
state defined in Eq. 1, hence we can write this operator
as
c† =
∞∑
j
√
λja
†
jb
†
j , (3)
where a†j (b
†
j) is the creation operator of a particle of
the species a (b) in the Schmidt mode or natural orbital
φ
(a)
j (φ
(b)
j ). The χN factor is a normalization constant
introduced in order to obtain 〈N |N〉 = 1. As stated by
Law in Ref. [6], the two distinguishable particles act as
an ideal composite boson when the ratio χN+1/χN → 1
(under this condition the operators c† and c obey the
bosonic commutation relation and the system of N pairs
of particles of distinct species can be regarded as N in-
dependent non-interacting bosons). In other words, the
ratio of these normalization constants reveals the devi-
ations of the ideal bosonic behavior. The normalization
constant for two distinguishable bosons (χBN ) or fermions
(χFN ) can be written as
χBN = N !
∑
j16j26...6jN
λj1λj2 . . . λjN , (4)
χFN = N !
∑
j1<j2<...<jN
λj1λj2 . . . λjN . (5)
Our main focus will be on the fermionic case, neverthe-
less, we have also performed some calculations for bosonic
particles and thus we give a general guideline for the co-
boson ansatz formulation.
From Eqs. (4) and (5) we can see that the normaliza-
tion factors contains the information about how the par-
ticles distribute over the available single-particle states
or natural orbitals associated to the two-particle state of
Eq. (1) [43]. On the one hand this means that our de-
scription of the 2N -particle system relies heavily on the
behavior of (and availability of close approximations to)
the natural orbitals. On the other hand this description
reveals the quantum correlations by showing explicitly
the pairing structure (from Eq. (1) we can notice that
when the particle a is in the mode φ
(a)
j , then the parti-
cle b must be in the mode φ
(b)
j ) and it allows to obtain
observables in terms of the single-particle states, turning
the results more intuitive and accessible.
In the fermionic case the particle distribution among
the single-particle states follows the Pauli exclusion prin-
ciple, in this sense the ansatz only considers the interac-
tion between fermions given by fermionic exchanges [44].
Then, the physics of the many-particle system comes up
from the state of a single pair given by Eq. (1) and from
the fermionic exchange interactions, both of them re-
garded in χFN . From Eq. (2) and (3), together with the
Pauli exclusion principle (i.e. (aˆ†j)
2 = (bˆ†j)
2 = 0), we
can write the state for N cobosons made up of pairs of
fermions as
|N〉 = 1√
N !χFN
∑
{j1,j2,...,jN}′
(
N∏
k=1
√
λjk aˆ
†
jk
bˆ†jk
)
|0〉,(6)
with {j1, j2, . . . , jN}
′
indicating that the sum is over all
the indices appearing in the summand, subject to the re-
striction that the indices j1, j2, . . . , jN must take distinct
values. This guarantees the Pauli exclusion principle:
there can not be two identical fermionic particles in the
same quantum state.
As we have already mentioned, this representation
of the state plays a crucial role in the improvement of
the computational cost. The calculation of the coboson
state and related observables require short computational
times [33, 36], and the analytical expressions used and de-
veloped here are relatively simple (in the sense that they
do not require further quantum field knowledge).
The calculation of the normalization factor becomes
crucial not only because it is involved in the definition
of the state |N〉 but because it (or a very similar form)
appears in the expressions obtained for many observables
of interest [33]. In practice closed calculations of χN
are rare and one must to befriend with the elementary
symmetric polynomial theory (see section 2 of Ref. [2]
about the connection between χN and these polynomials)
in order to exploit some recursion identities,
χFN =
N∑
m=1
(N − 1)!
(N −m)! (−1)
m+1χFN−mM(m), (7)
with M(m) =
∑
n λ
m
n being the power sum of order m
(notice that these power sums can be related to the Re´nyi
entropy of the distribution of λn [45]) and setting χ
F
0 =
1 for convenience. A non-recursive expression [46], not
used (to our knowledge) in the context of the coboson
ansatz so far, states
4χFN = N !
∑
{k1,k2,...,kN}′′
(−1)k1+k2+...+kN+N
k1!k2! . . . kN !
(8)
N∏
i=1
(
M(i)
i
)ki
,
where {k1, k2, . . . , kN}
′′
indicates that the sum is over all
the indices appearing in the summand, with the restric-
tion k1 + 2k2 + . . .+NkN = N . This expression will be
of particular interest when addressing two-dimensional
Wigner molecules.
III. ENTANGLEMENT’S KEY ROLE IN
ENSURING THE IDEAL BOSONIC BEHAVIOR
OF COMPOSITE PARTICLES
We begin by computing the occupations and entangle-
ment of a two-particle Wigner molecule by solving the
Schro¨dinger equation of two distinguishable interacting
particles confined in a two-dimensional anisotropic har-
monic trap (see appendix A). By varying the anisotropy
parameter one can obtain the results for the two dimen-
sional isotropic case as well as the one dimensional situ-
ation. Since Wigner localization is expected for low den-
sity systems or for large interaction strengths, we focus
in the strong interacting regime. The procedure is quite
simple: when introducing the center of mass and relative
coordinates the two-particle Hamiltonian decouples and
the total ground state wavefunction calculated within the
harmonic approximation in the strong interacting regime
is the product between two harmonic oscillators ground
states [26]. Once we have the total ground state we are
able to write it in the form of Eq. (1), with explicit ref-
erence to the natural orbitals and its occupations.
The occupation numbers for the two dimensional case
are products of the form
λ2Djx,jy = λjxλjy = (1− zx)zjxx (1− zy)zjyy , (9)
where in the interest of coherence we maintain the nota-
tion introduced by Law in Ref. [6]. Both parameters zx
and zy are defined in the range 0 < zx,y < 1, and jx,y > 0
are integers. As we show in appendix A, zx depends on
the form and parameters of the interaction potential as
well as on the ratio between the interaction strength and
the confining energy, while zy depends on the anisotropy
of the trap. Notice that the one dimensional case is re-
obtained by taking zy → 0 and the isotropic trap is ob-
tained when zy → 1(detailed discussion, calculations and
expressions are given in appendix A).
In Ref. [26], it is shown that due to the product form
of the occupancies, the von Neumann, min-entropy, max-
entropy, and Re´nyi entropies are a sum of terms asso-
ciated to each one of the two factors appearing in the
two-dimensional occupation numbers Eq. (9), where one
of these terms depends on the anisotropy parameter and
the other term is associated to the interaction potential.
Having the explicit expressions for these entropies (see
appendix A) it is easy to see that in the one dimensional
case the von Neumann, min-entropy, and the family of
Re´nyi entropies diverge if zx → 1, case in which the lin-
ear entropy tends to one (its maximum value). These
results support the idea stated by Law and discussed by
Chudzicki et al. in Ref. [1] about the importance of en-
tanglement when treating composite particles, made up
of bosons or fermions, as bosons. In Ref. [6] the author
calculates the Schmidt number K (inverse of the purity)
as entanglement measure and concludes that the compos-
ite representation can be applied to strongly entangled
particles, which are not limited to mechanically bounded
systems. Here we establish the connection between his
results and the divergence of a variety of entanglement
entropies found in Ref. [26], in which the authors also
show that large interaction strengths do not implicate a
large degree of entanglement between the constituents of
the WM. In other words, strongly mechanically bound
particles present deviations from ideal composite boson
character if their degree of entanglemet is poor, as stated
by Law.
Law’s conclusion is that the bosonic particle descrip-
tion is valid when the effective number of Schmidt modes
is much greater than the total number of composite par-
ticles, i.e. when there is enough place in the space of
states to accommodate all the pairs. As it is shown by
Baccetti and Visser in Ref. [47], large von Neumann
entropies come from exponentially large regions of state
space. Then, in order to obtain an infinite von Neumann
entropy an infinite number of states must have non-zero
probability. This means that the divergences found in
Ref. [26] in the von Neumann, min-entropy, and the
family of Re´nyi entropies endorse the analysis made by
Law.
Now we would like to introduce a new twist in the
discussion. In Ref. [26] it is also shown that in two (or
higher) dimensional case, no matter the range or strength
of the interaction potential between the constituent parts
of the molecules, the entropies remain finite when consid-
ering an anisotropic trap and diverge when varying the
symmetry of the trap towards the isotropic case. These
divergences in the entanglement entropies indicate that
when reaching the isotropic trap the two distinguishable
particles can be described as an elementary boson, there-
fore, we are in the presence of an ideal bosonic behavior
induced by symmetry. We will return to this point in
Sec. V by showing that the normalization ratio χN+1/χN
goes to one if zy → 1 no matter the form, range or
strength of the interaction potential, i.e. for any value
of zx.
Before concluding, we would like to cover one last is-
sue. By calculating the purity of a confined hydrogen
atom, the authors of Ref. [1] establish the equivalence
between Law’s condition (which states that the effective
5number of Schmidt modes must be greater than the to-
tal number of composite particles in order to guarantee
the suitability of the composite boson description) and
the condition that the available space to each pair must
be large compared to its size. Following the procedure
of Ref. [26] it is possible to calculate the ratio between
the available space (given by the trap) and the space oc-
cupied by the pair (given by the parameters associated
to the potential interaction via the harmonic approxima-
tion). Our results support the equivalence between Law’s
and Chudzicki’s conditions: we found that the available
space for each pair is large compared to its size only when
all the calculated entropies are sufficiently large. At this
point it is important to keep in mind that the ground
states considered by Law, Chudzicki et al., and ourselves
in this argument have the same form and correspond to
confined particles. It is reasonable to expect this equiva-
lence to be valid when treating confined particles because
the pairs not only need sufficient space in the state space
as pointed by Baccetti and Visser in Ref. [47], but also
enough available real space compared to its size. This
logic leads immediately to the question if this is a gen-
eral equivalence or if it only holds in the context of con-
fined particles, question which remains open and requires
further discussion.
IV. ONE DIMENSIONAL WIGNER
MOLECULES
In the present section we characterize the bosonic de-
gree of a one-dimensional Wigner molecule made up of an
even number of fermions. For a few number of fermionic
pairs, this system has been widely studied within a vast
variety of methods [21, 22, 29, 31, 32]. Here we show our
results for few (N 6 5) and many (N ∼ 102) pairs of
fermions. Our approach can be summarized as follows:
first, we need to solve the two-particle Hamiltonian to
obtain the two-particle state of the pair of fermions that
constitute a single composite boson (see appendix A),
then, the total state of a WM made up of 2N fermions
is given by the N -coboson correlated state |N〉, which is
calculated as stated in Eq. (6). The strategy proposed by
Law in Ref. [6] can be used to compute the normalization
constant χFN , as well as other quantities of interest that
can be defined in terms of other symmetric polynomi-
als analogous to the normalization factor. As mentioned
in Sec. III the linear, von Neumann, min-entropy, and
the family of Re´nyi entropies diverge when zx → 1 (see
also appendix A), case in which the normalization ratio
χFN+1/χ
F
N goes to one (Fig. 1). The normalization ra-
tio as a function of the linear entropy SL is depicted in
Fig. 1 (b), showing that χFN+1/χ
F
N → 1 when SL → 1.
Therefore, the deviations of the ideal bosonic behavior
are reduced when the degree of entanglement between
the constituents of the fermionic pairs increases. Fig. 1
also shows that the ideal bosonic behavior is attenuated
faster for an increasing number of particles: the normal-
FIG. 1. The deviations of the ideal bosonic behavior are
reduced when the degree of entanglement between the con-
stituents of the fermionic pairs increases, here revealed by the
normalization ratio χFN+1/χ
F
N plotted as a function of the pa-
rameter zx in (a) and as a function of the linear entropy SL in
panel (b) for N = 1, 2, 5, 10, 15, 20, 150 from top to bottom
in black, red, blue, green, purple, orange, and yellow solid
lines respectively.
ization ratio decays more rapidly to zero for larger N .
The populations of the single-fermion states can be
writen as nj(N) = Nλjχ
λj
N−1/χN , where χ
λj
N−1 are the
normalization factor calculated without considering the
occupation λj [33], and the superscript F of fermions
has been omitted for simplicity of notation. They can
be obtained in a closed form or evaluated by using the
recursion formula given in Eq. (7). The first N states
are fully occupied for a wide range of zx (i.e. nj ∼ 1
for j = 0, 1, . . . , N − 1), range which gets broader when
increasing N (see Fig. 2). All the populations vanish for
zx = 1 and the populations with j > N vanish also for
zx = 0, as can be seen in figure 2.
Once we have the populations of each single-fermion
state φj , it is possible to calculate the density of states
(DOS) of the N confined particle pairs as the popula-
tion multiplied by the degeneracy of the single-particle
state, DOS = gjnj . In order to obtain the DOS we
need to be able to associate each φj with its energy. By
rewriting the total two-particle Hamiltonian derived af-
ter performing the harmonic approximation of the rela-
tive Hamiltonian [26], a sum of two one-particle Hamil-
tonians plus two crossed terms is obtained. The expec-
tation values of the crossed terms vanish for states of
the form φ
(a)
j (xa)φ
(b)
j (xb) and the expectation values of
6FIG. 2. Populations nj of the first seven single-particle states
φj as functions of zx for N = 5 (a) and N = 10 (b) parti-
cle pairs. j = 0, 1, 2, 3, 4, 5, 6, 10, 20 are shown from top
to bottom in black, red, blue, green, purple, orange, yellow,
maroon, and pink solid lines respectively.
the two one-particle Hamiltonians are the energies of a
single-particle oscillator. Therefore, the energies of the
single-particle states φj are proportional to j and we can
consider equivalently to increase the energy or increase j.
Then, we are able to depict the DOS as a function of j,
as shown in figure 3. When increasing the parameter zx
the DOS changes smoothly from a step-function behavior
(centered in N , the number of pairs of fermions) to twice
the occupation number of the j-state, i.e. 2(1 − zx)zjx.
This means that for small values of zx the N lowest ener-
getic states are occupied while all the remaining states’s
populations are null. For larger values of zx the particles
occupy states with j > N and for zx sufficiently close
to unity all the states are occupied with non-zero pop-
ulations, in agreement with our previous analysis of the
populations nj (Fig. 2).
The behavior of the DOS reveals the presence of strong
fermionic correlations. For zx sufficiently small, the ob-
tained step-function reproduces the Fermi-Dirac distribu-
tion. In this sense, an increase in zx breaks the perfect
step-function resembling what the temperature does to
the Fermi distribution. For zx sufficiently close to unity
all the single-particle states have a small but non-zero
population, the entropies diverge as discussed in Sec. III,
and the N pairs of fermions of distinct species behave
like N ideal bosons.
By fitting the obtained density of states with the ex-
pression given by the Fermi-Dirac (FD) distribution, we
are able to find an effective temperature of the fermionic
system. We fitted the calculated DOS to the function
gj/
(
e(j−jµ)/T˜ + 1
)
, where gj is the degeneracy of the
j−th single-particle state, jµ is the value of j associated
to the Fermi energy, and T˜ = kBT/ε0 is the dimension-
less effective temperature (with ε0 being the energy of
the lowest single-particle state, i.e. j = 0). As it is ex-
pected, for small values of zx, jµ ∼ N and T˜ ∼ 0. The
temperature T˜ is a monotonic increasing function of zx,
while jµ ∼ N in a wide range of the zx parameter and
it is a monotonic decreasing function of zx for zx suffi-
ciently close to one. Then, the region in the parameter
space for which jµ ∼ N could be a starting point to de-
fine a value or region of the parameter zx in which the
fermionic character emerges (see Fig. 3 (b) and (d)). No-
tice that this region becomes broader for larger N , the
fermionic character arises for zx ∼ 0.85 for N = 10 while
for N = 100 it arises for zx ∼ 0.99 (Fig. 3 (b) and (d),
respectively).
We also performed a fitting of the DOS with the ex-
pression given by the Bose-Einstein (BE) distribution.
We obtained that this distribution only holds for zx suf-
ficiently close to one (larger values of N require values of
zx closet to one), case in which it gives the same values of
jµ and T˜ than those obtained with the FD distribution.
If zx is not sufficiently close to one, the fitted BE distri-
bution present significant deviations from the obtained
DOS, in contrast, the FD fitted distribution shows a per-
fect agreement with the calculated DOS for any value of
zx. Therefore, we conclude that the one-dimensional sys-
tem present a strong fermionic character for a wide range
of the parameter zx.
The presence of correlations due to the Pauli exclu-
sion principle can also be evidenced in the probability of
finding n fermionic pairs in the t lowest energetic states
P(n) = ∑0≤j1<j2<···<jn≤t−1〈∏nk=1 aˆ†jk bˆ†jk aˆjk bˆjk〉N =(
N
n
)
χΛ˜tn χ
Λ¯S−t
N−n/χN , where χ
Λ˜t
n and χ
Λ¯S−t
N−n are the nor-
malization factors calculated with the first t occupa-
tion numbers Λ˜t = (λ0, λ1, . . . , λt−1) and the remain-
ing ocuppations Λ¯∞−t = (λt, λt+1, . . . , λ∞) respectively,
and χΛ˜tn>t = 0 prevents populations larger than t (once
more the F superscript has been omitted for simplic-
ity of notation). Due to Pauli blocking no more than t
fermionic pairs can populate this spectral region leading
to a strong suppression of particle fluctuations [33]. This
suppression is exposed by the decreasing variance of the
probability distribution (see Fig. 4) when decreasing zx.
In other words, the pairs of particles deviate from the
bosonic behavior and the fermionic character of the par-
ticles arises. Notice that the probability P(n) is centered
around the mean population of the t lowest energetic
states of the single-particle states, 〈Nt〉N =
∑t−1
j=0 nj .
To sum up, for sufficiently small values of zx we obtained
that 〈Nt〉N ∼ N and ∆〈Nt〉N ∼ 0, in agreement with the
step-like behavior of the DOS.
Up to now we have presented a general characteriza-
7FIG. 3. Bosonic vs. fermionic character of the N confined
particle pairs exposed by the density of states (DOS) for
N = 10 (a) and N = 100 (c). For small values of zx the
obtained step-function reproduces the Fermi-Dirac distribu-
tion. For values of zx close to one all the single-particle states
have a small non-zero population and the N particle pairs
of distinct species behave like N ideal bosons. The values
zx = 0.1, 0.6, 0.85, 0.95, 0.99 are depicted from top to bottom
in panels (a) and (c) in black six-pointed stars, red squares,
blue dots, green diamonds, and orange five-pointed stars re-
spectively. The effective temperature T˜ and the value of j as-
sociated to the Fermi energy jµ (obtained by fitting the DOS
with the Fermi-Dirac distribution) are depicted for N = 10
in (b) and for N = 100 in (d).
FIG. 4. Suppression of particle fluctuations due to Pauli
blocking evidenced in the probability of finding n fermionic
pairs in the t = N lowest energetic states, P(n) in panel
(a). A system of N = 150 confined particle pairs is presented
for different values of zx. The distributions are centered at
〈Nt〉N = ∑t−1j=0 nj , depicted as the vertical dashed lines in the
left panel. The variance of the distribution ∆〈Nt〉N is shown
in panel (b) as a function of zx. Black six-pointed stars, red
squares, blue dots, green diamonds, and purple five-pointed
stars indicate different values of zx chosen in order to cover
completely the variation of the normalization ratio χN+1/χN
depicted in (c), i.e. to guarantee the inclusion of the regime in
which the pairs behave as ideal bosons as well as the regime
in which the fermionic character of the particles arises.
tion of a confined Wigner molecule constituted by an
even number of fermions. In what follows, we would like
to show that in the framework of the coboson ansatz it is
possible to obtain similar results to those obtained by the
authors of Refs. [20–22, 29, 31, 32] studying the WMs
within Quantum Montecarlo methods, exact diagonal-
ization, density functional theory, and the Bethe ansatz
formalism among others. Once more, we would like to
stress the simplicity of our approach and its computa-
tional conveniences. We calculated the total ground state
density profile %(x) = 〈Ψˆ†(x)Ψˆ(x)〉N [22] (with Ψˆ†(x)
being the operator creating a particle in x) for N pairs
of confined fermions with interactions described by the
Coulomb potential [29], see appendix A. Varying the in-
teraction strength we are able to capture the Friedel-
Wigner transition described in Refs. [21, 29]. As stated
by Xianlong in Ref. [21], when the interaction between
particles is not sufficiently strong the density is character-
ized by 2kF -Friedel oscillations with half of the number
of particles peaks (N in our present work). When the
interaction strength increases the number of peaks in the
density profile is doubled leading to 4kF -Wigner oscilla-
tions characterized by as many peaks as the number of
particles (2N in our case). The coboson ansatz is capable
8of capturing this crossover, as can be seen in figure 5 by
the doubling of the peaks in the total ground state den-
sity profile when increasing the interaction strength be-
tween the two particles of different species that made up
the composite boson. It is important to remark that for
the value of zx associated to the Coulomb interaction, the
composite bosons are far from the ideal bosonic regime
(see Fig. 5 (d) and appendix A). Therefore, even when
the fermionic character of the constituents of the com-
posite boson becomes relevant, the ground state density
profile calculated with the coboson ansatz shows close
agreement with the results obtained when applying dif-
ferent methods. We conclude that our approach is able
to faithfully reproduce the many particle physics of the
system, not only when a strong degree of entanglement
guarantees an ideal bosonic behavior, but also when the
particles have strong correlations due to the Pauli exclu-
sion principle. Since the coboson ansatz only considers
the interactions given by fermionic exchanges, this also
suggests that the Friedel-Wigner crossover arises mainly
due to the exchange interactions.
V. BOSONIC BEHAVIOR INDUCED BY
SYMMETRY IN TWO DIMENSIONAL WIGNER
MOLECULES
The occupation numbers of the ground state of two
interacting distinguishable particles confined in a two di-
mensional harmonic trap can be obtained in a closed
form. This result can be extended to higher dimensions,
as explained in Ref. [26]. Based on these results it is
possible to calculate the normalization ratio, the popu-
lations, the DOS, and the ground state density profile of
a WM confined in two (or higher) dimensions. The two
dimensional case is of particular interest due to the pres-
ence of Wigner crystals, while a similar study in three
dimensions may constitute a strong foundation for a new
approach to address ultracold interacting Fermi gases.
Those issues will be addressed in a future work, here we
focus on the proof of the bosonic induced behavior by
symmetry.
From the product form of the occupation numbers (see
Eq. (9)) it is easy to show that the power sums of order
m can be written as
M2D(m) =
(1− zx)m
(1− zmx )
(1− zy)m(
1− zmy
) . (10)
It is straightforward to see that M2D(1) = 1 and that
M2D(m) → 0 if m > 1 and zx → 1 or zy → 1 (the
latter can be obtained by performing a very simple power
series expansion). As mentioned in Sec. III, zx depends
on the interaction strength and the parameters of the
interaction potential, while zy depends on the anisotropy
of the trap. The isotropic or symmetric trap is obtained
for zy → 1, case in which M2D(m)→ 0 for m > 1. Now
we rewrite Eq. (8) as
FIG. 5. Friedel-Wigner oscillations transition depicted by the
total ground state density profile %(x) of N confined fermionic
pairs with Coulomb interactions for N = 1, 2, 3 in panel (a),
(b), and (c). The crossover is revealed by the doubling in
the peaks of the total ground state density profile from N
(half of the total particle number) in the Friedel regime to
2N (total particle number) in the Wigner regime (black solid
lines and dashed red lines respectively). The value of the zx
parameter associated to the Coulomb interaction is shown as a
gray dashed line in panel (d), where the normalization ratios
are depicted. Notice that for this value of zx the cobosons
present strong deviations from the ideal bosonic behavior.
9χFN = (M(1))
N +N !
N−1∑
k1=0
bN
2
c∑
k2=0
bN
3
c∑
k3=0
. . .
b N
N−1 c∑
kN−1=0
1∑
kN=0
(11)
δk1+2k2+...+NkN ,N
(−1)k1+k2+...+kN+N
k1!k2! . . . kN !
N∏
i=1
(
M(i)
i
)ki
,
where bxc denotes the floor function, i.e. the largest
integer less than or equal to x. The second term con-
tains at least some factor
(
M(m)
m
)km
with non-zero km
and m > 1. If zy → 1 we have M2D(m) → 0 for
m > 1, therefore, the second term becomes null and
χF 2DN →
(
M(1)2D
)N → 1 for any number of particles.
In other words, if zy → 1 the normalization ratio ful-
fills χF 2DN+1 /χ
F 2D
N → 1 independent of the value of zx.
This means that for a symmetric or isotropic trap, no
matter the range or strength of the interaction potential
between the constituent parts of the molecule, the two
distinguishable particles behave as an ideal boson.
Another way to prove the ideal boson character in-
duced by symmetry considers the upper and lower
bounds derived by Chudzicki et al. in Ref. [1],
1−NP 6 χ
F
N+1
χFN
6 1− P 6 1, (12)
with P being the purity of the state of Eq. (1), i.e. P =
M(2) and 1−P = χF2 = SL, where SL denotes the linear
entropy. In our case,
P 2D =
(1− zx)
(1 + zx)
(1− zy)
(1 + zy)
,
and then
1−N (1− zx)
(1 + zx)
(1− zy)
(1 + zy)
6 χ
F 2D
N+1
χF 2DN
6 1− (1− zx)
(1 + zx)
(1− zy)
(1 + zy)
,(13)
where we can explicitly see that χF 2DN+1 /χ
F 2D
N → 1 for
any value of zx whenever zy → 1.
Before concluding, we would like to stress that when
considering composite bosons made up of two distin-
guishable bosons (instead of fermions) confined in a two
dimensional harmonic trap, the normalization factor can
be derived in a closed form and satisfies
χB 2DN = χ
B 1D
N (zx)χ
B 1D
N (zy), (14)
where χB 1DN (z) denotes the normalization factor found
by Law in Ref. [6]. χB 1DN+1 (z)/χ
B 1D
N (z) is always greater
than one and it is equal to one only if z = 1. There-
fore, the two dimensional bosonic enhancement factor is
greater than one for any pair of values of zx and zy, and
it goes to unity only if zx and zy are sufficiently close to
one.
VI. SUMMARY
To summarize, we have studied Wigner molecules from
a new and efficient approach. Our main focus was on de-
termining if a Wigner molecule made up of 2N fermions
behaves as N bosons or 2N fermions. By applying the
composite boson ansatz to N pairs of harmonically con-
fined fermions we were capable to address few particle
Wigner molecules, as well as systems with a large num-
ber of particles. For few number of particles, we found
that the wave function obtained in the framework of the
coboson ansatz is capable to capture the Friedel-Wigner
transition. For a large number of particles, we observed
the suppression of particle fluctuations as a signature of
strong fermionic correlations.
We also presented more evidence supporting the hy-
pothesis that the amount of entanglement between par-
ticles determines their bosonic composite degree. In this
context, we discussed the physical meaning and the rea-
son why a sufficiently large entanglement is needed in
order to ensure that the particles behave as elementary
bosons. We concluded that the composite behavior of
confined particles depends on the availability of sufficient
space in the state space (the effective number of Schmidt
modes must be greater than the total number of com-
posite particles) as well as on having enough available
real space compared to its size. Finally, we also proved
that a Wigner molecule confined in a two dimensional
trap presents a bosonic behavior induced by symmetry
regardless of the range or strength of the interaction po-
tential between the constituent parts of the molecule.
Therefore, as was pointed out by Law in Ref. [6], the
composite representation is not limited to strongly inter-
acting particles but to particles with large enough degree
of entanglement.
Finally, we would like to stress that our approach re-
produces the many particle physics of a confined Wigner
molecule not only when a strong degree of entanglement
guarantees the ideal bosonic behavior of the composite
particles, but also when the particles have strong corre-
lations due to the Pauli exclusion principle. Then, the
coboson ansatz becomes a powerful tool to address sys-
tems with strong fermionic correlations.
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Appendix A: Two-particle Wigner Molecules
In what follows we intend to summarize the main re-
sults of the two-particle Wigner molecule treated in Ref.
[26]. It provides the fundamental unity (a single cobo-
son, Eq. (1)) from which the 2N− particle state is con-
structed within the coboson ansatz (Eq. (2)). In this
work we are considering two distinguishable particles,
therefore there are some subtle differences between the
results presented here compared to those of Ref. [26].
In the mentioned work the authors obtain symmetric or
antisymmetric states, here we are looking for states in
which the two distinguishable particles are accessible in-
dependently [48]. In other words, we need to found the
ground state of the system in which the two distinguish-
able particles can be locally addressed. When consider-
ing such states the occupation numbers do not present
the double degenerancy mentioned in Ref. [26], and the
normalization constant is simpler. The entanglement en-
tropies can be derived following the same procedures and
lead to the same functional expressions up to a 1/2 factor
not appearing in the present case.
Let us start by considering two-interacting particles in
a two-dimensional anisotropic trap,
H =− ~
2
2m
(∇21 +∇22)+ mω2
2
(
(x21 + x
2
2) + ε
2(y21 + y
2
2)
)
+ gV(r),
with ε > 1 being the anisotropy parameter, m the mass
of the particles, V(r) the interaction potential, r the dis-
tance between particles, and g the interaction strength.
By introducing the center of mass ~R = 12 (~r1 +~r2) and rel-
ative coordinates ~r = ~r2 − ~r1 the Hamiltonian decouples
as H = HR +Hr, where
HR = − ~
2
2mR
∇2R +
mRω
2
2
R2,
Hr = − ~
2
2mr
∇2r +
mrω
2
2
r2 + gV(r),
with mr = m/2 and mR = 2m. The total wave function
is the product of the center of mass wave function and
the relative wave function Ψ(r,R) = ψR(R)ψr(r), where
the center of mass states are the harmonic oscillator ones.
In order to obtain the relative wave functions the authors
of Ref. [26] consider the strong interacting regime and
present a method based on the harmonic approximation
of the potential V(r). If the potential is repulsive, de-
creases monotonously, V(r) → 0 for r → ∞, and ε > 1,
then, the minima of the potential locate on the x−axis
~rmin = (±x0, 0) with x0 > 0 given by
mrω
2
2g
= −
(
1
r
∂V
∂r
)∣∣∣∣
x0
. (A1)
This procedure leads to a Hamiltonian of uncoupled
oscillators,
HrHA = −
~2
2mr
∇2r +
mrω
2
2
{
µ2 (x− x0)2 +
(
ε2 − 1) y2} ,
where
µ2 =
∂2V
∂r2
∣∣∣
x0
− 1r ∂V∂r
∣∣
x0
+ 1, (A2)
notice that the dependence on the interaction strength
g and the parameters of the potential is implicit in x0.
It is also important to keep in mind that these results
are valid in the strong interacting regime, in which the
ratio between the interaction strength and the confining
energy is sufficiently large.
Now we are able to obtain the ground state wave func-
tion. As mentioned earlier, in Ref. [26] the authors ob-
tain symmetric or antisymmetric states, but here we are
interested in the ground state of the system in which the
two distinguishable particles can be locally addressed.
Such state is also a product of Gaussians states and the
same procedure given in the supporting information of
Ref. [26] can be applied in order to obtain the occupa-
tions,
λ2Djx,jy = λjxλjy = (1− zx)zjxx (1− zy)zjyy ,
where
zx =
(
1− µ
1 + µ
)2
, (A3)
and
zy =
(ε2 − 1) 14 −√ε
(ε2 − 1) 14 +√ε
2 . (A4)
As mentioned in the main text jx,y = 0, 1, 2, . . . ,∞
gives all the spectrum of the one-particle reduced density
matrix and 0 < zx,y < 1. Notice that zx depends on the
ratio between the interaction strength and the confining
energy as well as on the parameters of the interaction
potential, while zy depends on the anisotropy of the trap.
The one dimensional case is re-obtained by taking zy → 0
and the isotropic trap is obtained for zy → 1.
Different measures of entanglement are given in terms
of the distribution of the occupations. In Ref. [26] the
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family of Re´nyi entropies (Sα), the linear (SL), and von
Neumann (SvN ) entropies are calculated, as well as the
min- (S∞) and Hartley or max- (S0) entropy as limiting
cases within the family of Re´nyi entropies. Due to the
product form of the occupations, the Re´nyi and von Neu-
man entropies can be expressed as a sum of two terms,
Sα2D =S
α
x (zx) + S
α
y (zy)
=
1
1− α
(
log2
(
(1− zx)α
(1− zαx )
)
+ log2
(
(1− zy)α
(1− zαy )
))
,
S2DvN =S
1
x (zx) + S
1
y(zy)
=−
log2
(
(1− zx)(1−zx) zzxx
)
(1− zx) −
log2
(
(1− zy)(1−zy) zzyy
)
(1− zy) ,
S∞2D = lim
α→∞
(
Sαx (zx) + S
α
y (zy)
)
= S∞x (zx) + S
∞
y (zy),
and,
S02D = lim
α→0
(
Sαx (zx) + S
α
y (zy)
)
= S0x (zx) + S
0
y(zy).
Finally, the linear entropy is
S2DL = 1−
(1− zx)
(1 + zx)
(1− zy)
(1 + zy)
,
which reaches its maximum value in the isotropic case
zy → 1 or, in the one dimensional case (zy → 0) it goes
to one if zx → 1.
The family of Re´nyi entropies and the von Neumann
entropy present a logarithmic divergence in the isotropic
case, zy → 1. They also diverge in the one dimensional
case, zy → 0, when zx → 1.
It is important to notice that zx ∼ 1 if µ  1. In
Ref. [26] the authors show that in the strong interaction
strength regime, this condition is reached for short range
potentials. Based on the discussion presented in Sec. III,
this means that the two-particle system would present a
strong bosonic character if the interaction between the
particles has short range, this is in agreement to what
was stated by Combescot for ultracold interacting Fermi
gases [34, 35]. For long range potentials, as the Coulomb
potential (see Fig. 5 of Sec. IV), zx is not close to one and
the fermionic character of the particles becomes relevant
in the many particle physics as it is discussed in the main
text, even so, the composite boson ansatz is capable of
recovering features as the Friedel-Wigner crossover.
Here we focus on long range potentials because the
most realistic and widely used interparticle interactions
for studying Wigner molecules confined in quantum dots
are the long range Coulomb or softened Coulomb poten-
tials (see [18, 20, 22, 29], and references therein). Then,
we particularize the results with the inverse power inter-
action, V(r) = 1/rγ , for which the Coulomb potential
used in Sec. IV is a particular case. For this potential,
Eq. (A1) gives x0 = ± γ+2
√
2γg/mrω2, where we can see
that the minima is an increasing function of the interac-
tion strength g. Even more, from Eq. (A2) µ2 = γ + 2 is
obtained, therefore, for a finite value of γ the value of the
parameter zx remains below one, as it is shown in Fig. 5
(d).
Before ending this appendix we would like to write
down the explicit expressions obtained for the one di-
mensional case by taking zy → 0 in the previous results.
The one-dimensional occupations are
λ1Djx = λjx = (1− zx)zjxx ,
with zx as in Eq. (A3). The family of Re´nyi entropies,
the linear, von Neumann, and the min- and Hartley or
max- entropy are
Sα1D =S
α
x (zx)
=
1
1− α log2
(
(1− zx)α
(1− zαx )
)
,
S1DvN =S
1
x (zx)
=−
log2
(
(1− zx)(1−zx) zzxx
)
(1− zx) ,
S∞1D = lim
α→∞S
α
x (zx) = S
∞
x (zx) ,
S01D = lim
α→0
Sαx (zx) = S
0
x (zx) ,
and,
S1DL = 1−
(1− zx)
(1 + zx)
.
We conclude this appendix with a remark concerning
the zx and zy parameters. As we mentioned before, zx
depends on the ratio between the interaction strength
and the confining energy as well as on the parameters of
the interaction potential (see Eq. (A2) and (A3) ), and
zy depends on the anisotropy of the trap (see Eq. (A4)).
Therefore, given that in the experiments the form and
range of the interaction is fixed, a possible way to con-
trol the zx parameter might be by controlling the ratio
between the interaction strength and the confining en-
ergy, i.e. by changing for instance the effective width of
the trap. On the other hand, the zx parameter (which
already appears in the one-dimensional case) remains un-
changed when considering two or higher dimensions pro-
vided that the interaction potential and the trap remain
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unchanged. In this sense, the influence of the interaction
potential is already and fully present in dimension one,
and the d-dimensionality contributes with d− 1 parame-
ters of anisotropy εi with i = 1, . . . , d−1, or equivalently,
d − 1 parameters ziy(εi) where i = 1, . . . , d − 1. For the
sake of completeness, we give the explicit expressions for
the d−dimensional case (see supplementary material of
Ref. [26]). The occupations:
λdDjx,{jyi} = λjx
d−1∏
i=1
λjyi = (1− zx)zjxx
d−1∏
i=1
(1− zyi)zjyiyi ,
with zx as in Eq. (A3), and
zyi =
(ε2i − 1) 14 −√εi
(ε2i − 1)
1
4 +
√
εi
2 . (A5)
for i = 1, . . . , d − 1. The family of Re´nyi entropies, the
linear, von Neumann, and the min- and Hartley or max-
entropy:
SαdD =S
α
x (zx) +
d−1∑
i=1
Sαy (zyi)
=
1
1− α
(
log2
(
(1− zx)α
(1− zαx )
)
+
d−1∑
i=1
log2
(
(1− zyi)α
(1− zαyi)
))
,
SdDvN =S
1
x (zx) +
d−1∑
i=1
S1y(zyi)
=−
log2
(
(1− zx)(1−zx) zzxx
)
(1− zx) −
d−1∑
i=1
log2
(
(1− zyi)(1−zyi ) zzyiyi
)
(1− zyi)
,
S∞dD = lim
α→∞
(
Sαx (zx) +
d−1∑
i=1
Sαy (zyi)
)
= S∞x (zx) +
d−1∑
i=1
S∞y (zyi),
S0dD = lim
α→0
(
Sαx (zx) +
d−1∑
i=1
Sαy (zyi)
)
= S0x (zx) +
d−1∑
i=1
S0y(zyi),
and,
SdDL = 1−
(1− zx)
(1 + zx)
d−1∏
i=1
(1− zyi)
(1 + zyi)
.
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